Relativistic quantum information combines the informational approach to understanding and using quantum mechanics systems -quantum information -with the relativistic view of the universe. In this introductory review we examine key results to emerge from this new field of research in physics and discuss future directions. A particularly active area recently has been the question of what happens when quantum systems interact with general relativistic closed timelike curves -effectively time machines. We discuss two different approaches that have been suggested for modelling such situations. It is argued that the approach based on matching the density operator of the quantum state between the future and past most consistently avoids the paradoxes usually associated with time travel.
I. INTRODUCTION
Our two most fundamental theories of the universe are general relativity and quantum mechanics. Both exhibit highly non-intuitive features from the point of view of everyday experience, but both work extremely well in predicting and quantifying phenomena in their respective regimes of application. Although special relativity and quantum mechanics have long been unified in principle, there remain many situations in which the consequences of this union are poorly understood, and a full quantum theory of gravity remains elusive even in principle. The non-intuitive features of both theories lead to apparent paradoxes when pushed to extremes. For example in quantum mechanics it is in principle possible to consider a macroscopic object (such as a cat) being in a superposition of macroscopically distinct states (such as dead and alive) -the Schrödinger's cat paradox. In general relativity it is mathematically allowed to construct time machines that would allow one to travel into ones own past creating an acausal loop referred to as a closed timelike curve. It remains an open question as to whether such bizarre predictions can actually be realized, and if so how the apparent paradoxes involved would be resolved.
In the last couple of decades significant new insights into quantum mechanics, and new applications for quantum mechanical systems, have arisen from the study of quantum information science. Quantum information is the study of the encoding, transmission and processing of information stored in quantum systems [1] . The unique properties of quantum mechanics leads to quite different rules to those previously discovered in classical information theory. On one hand these new rules lead to the ability to perform information tasks that are hard or impossible for classical systems. More fundamentally, the informational point of view, and in particular the concept of the quantum bit or qubit, has proved a unifying concept across many areas of quantum physics.
Quantum Information protocols can be broadly divided into: communications; measurement; and computation. Quantum communication protocols exhibit intrinsic security and enhanced channel characteristics over classical communications. Quantum measurement protocols optimise the precision with which parameters characterising quantum systems, or classical systems with which they interact, are extracted. Quantum Computation exhibits faster processing times for a number of key tasks, algorithms and simulations. In certain cases this makes problems that are completely intractable to classical computation solvable.
Entanglement is a key resource in virtually all quantum information protocols [2] . Entanglement refers to the uniquely quantum correlations that can exist between spatially separated quantum sub-systems. A simple example of an entangled state is the singlet state:
where |0 and |1 are logical qubit states that can be used to represent any quantum 2-level system and the subscripts A and B label spatially separated sub-systems. The state |φ − is said to be entangled because it is not possible to write it in the separable form |ρ A |σ B . We may also refer to |φ − as a Bell state, so called because it maximally violates the Bell inequality -a correlation bound that no unentangled state can break. Entropy can be used to quantify the information content of qubits [1] . A state with zero entropy is said to be pure -there is nothing more we can learn about it. States with non-zero entropy are referred to as mixed and are represented by density operators. Although |φ − is a pure state, its subsystems, ρ A and ρ B , are mixed, where the density operator of one sub-system is obtained by taking the partial trace over the other sub-system, e.g. ρ A = T r B (|φ − φ − |). This generic feature of entangled states -that we know more about the total system than we know about its individual parts -has no equivalent in classical information theory.
Most quantum information research to date has been based on non-relativistic quantum mechanics and thus is an approximation. As the distances over which quantum information protocols are carried out steadily increase [3] , with quantum operations being carried out on shorter and shorter time-scales, and with plans to place quantum sources into space [4] for communications and metrology applications, this approximation will begin to fail. Already, classical space technologies like the Global
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Positioning System must account for the slowing of clocks in gravitational fields in order to achieve their current precision [5] . If information is carried by quantum systems then the abstract rules of information science developed for classical systems must be modified. If we must now consider information carried on relativistic quantum systems then the rules will need to be modified further. The expansion of quantum information science to a fully relativistic setting will modify and perhaps limit existing quantum information protocols. However it is also expected to lead to new protocols and a deeper understanding of the physical universe more generally.
In this paper we review progress in this new field of relativistic quantum information and then particularly look at what the quantum informational view of physics can tell us about the apparent paradoxes of relativistic time travel. In the following section we examine how quantum information is affected by relativistic motion, firstly by inertial observers, and then non-inertial observers. We then discuss the entanglement properties of the Minkowski vacuum (flat-space) before extending our discussion to curved space-times. In section 3 we focus on time machines, firstly as they arise in general relativity, and then time travel interpretations in quantum mechanics. We then examine and contrast two distinct ways to treat qubits interacting with closed timelike curves formed by relativistic time machines. In the final section we conclude and discuss possible future directions.
II. RELATIVISTIC QUANTUM INFORMATION

A. Inertial Observers
The effects of relativistic motion on quantum systems was considered early in the development of quantum theory. With the development of quantum information theory the question arises once again, what are the effects of relativistic motion on the concepts developed in quantum information theory? It is clear that different observers may disagree on the value of qubits encoded in a quantum system unless they use a consistent coordinate system. However it is more surprising that quantities such as entanglement between qubits [6, 7] and purity, and hence entropy, of individual qubits [8] can vary between different inertial observers , i.e observers traveling with different, constant velocities.
It is known that for entanglement, the degree of violation of the Bell inequality depends on the velocity of the particles when relativistic effects are taken into account. The basic mechanism here is an observer dependent coupling between the discrete qubit degree of freedom (for example spin) and the linear momentum degrees of freedom. Lorentz transformations predict that a moving observer sees a rotation of particle spin with respect to that seen by a stationary observer. The magnitude of this spin rotation is a function of the particle's linear momentum. Quantum particles are described by a wave function, comprised of a superposition of many momentum states. Hence the Lorentz transformation induces correlations between spin and linear momentum. The mixing of spin and momentum under Lorentz transformations will subsequently effect the strength of entanglement between two spin systems [7] (see Fig.1 ).
The entanglement between the spin degrees of freedom and the momentum degrees of freedom are seen to change between frames. Indeed the relativistic transformation between two different reference frames will effect the degree of entanglement between the spin and momentum degrees of freedom of an individual particle. If one chooses not to measure the momentum degree of freedom this entanglement will effect the reduced density matrix, and hence the purity of the qubit will change for different observers. This appears to demonstrate that even the entropy of a single qubit is not a Lorentz invariant concept [8] . However, the total purity, taking all degrees of freedom into account, is a Lorentz invariant quantity.
Alice holds a source of spin entangled pairs. She keeps one and sends the other to Bob. If Bob is in the same reference frame as Alice (v = 0) then they find maximal entanglement between their particles. However if Bob is in a different inertial frame (v = 0) then they find reduced entanglement and conclude the joint state of the spins is mixed. The reduction in entanglement will be approximately proportional to ∆v/(mc 2 ), where ∆ is the momentum spread of the wavefunction and m is the mass of the spin. We have assumed v << c.
These results also apply to qubits other than spin, for example photon polarisation [10] . The effect on photon polarisation was immediately seen to impact quantum cryptographic protocols that require photons to transmit quantum information [11] . A solution to the problem was found by replacing the helicity polarisation basis used previously, with a relativistic definition of polarisation. The new construction gives qubits which are consistent in different frames and allow for quantum cryptographic protocols to be carried out between inertial observers.
These early developments have been reviewed in detail by Peres and Terno [12] . More recent investigations of how Lorentz transformations affect quantum information processes and entanglement have investigated arbitrary spin statistics and quantum cloning [13, 14] , including a detailed analysis of the entanglement between the various partitions of the momentum and spin degrees of freedom for two massive particles [15] . What has gained significant attention since the early work has been the possibility of encoding quantum information in ways which are invariant under Lorentz transformations. This has included work on qubits [16] and continuous variables [17] .
B. Accelerated observers
If we consider quantum protocols between non-inertial observers, then an additional effect that should be taken into account is the possibility of particle creation via the Unruh-Davies effect [18, 19] . The Unruh effect occurs because the very notion of particles, like photons and electrons, is an observer-dependent concept [20] . In flat space-time, one may consider the quantum theory of a field as observed by any inertial observer. One may also consider the theory for the same field, as observed by a uniformly accelerating observer. When these two theories are compared, one finds that they do not match up [21] . In particular, in flat space-time there exists a state of the field, the vacuum state, which appears to all inertial observers as completely empty of particles everywhere. The same state will appear to a uniformly accelerating observer as thermalised, with particles at the Unruh temperature given by [22] :
Here a is the rate of acceleration of the observer,h is the reduced Planck's constant, k is Boltzmann's constant and c is the speed of light. The fact that these are real particles can be seen when one calculates the response of a uniformly accelerating detector in the Minkowski vacuum. One finds that the probability of the detector becoming excited follows a thermal distribution at the Unruh temperature. The Unruh effect requires very high accelerations -from Eq.2 one finds 1
• K corresponds to a ∼ 10 20 ms −2 -and has not yet been experimentally observed.
The thermal nature of the Unruh effect occurs because of two main reasons. Firstly their exists a large amount of entanglement in the vacuum state of a field in flat space-time, as will be described more in section 2.4. Secondly a uniformly accelerating observer will perceive a causal horizon to exist, which prevents any exchange of information with observers on the opposite side of the horizon. This ignorance of the state on the other side of the horizon, together with the quantum correlations which exist between the two regions, leads to an increase in uncertainty as perceived by the uniformly accelerating observer. This uncertainty is manifested as the thermalisation of the particles observed. Another way of saying this is that the entire space-time vacuum is in a pure entangled state, but if we are restricted to observing only a section of that space-time, then that sub-system will be in a mixed state. Fig.2 shows a space-time diagram with Minkowski coordinates (t, x) which are appropriate for inertial observers and Rindler coordinates (η, ξ) which are appropriate for uniformly accelerating observers. The dashed lines show the causal horizon experienced by the accelerating observers, who travel along the hyperbolic trajectories. The two coordinate systems are related within the right hand sector (the right Rindler wedge) via:
and in the left Rindler wedge via: Techniques used to study the Unruh effect have been adopted to look at quantum information processes and entanglement in the presence of uniformly accelerating observers. Early studies of an accelerating atomic qubit found that the interaction with the Unruh thermal bath caused decoherence of the state of the qubit [23] . The decoherence was shown to increase with increasing acceleration, making the state completely mixed in the limit of infinite acceleration. This decoherence is, in a way, just the usual Unruh effect, that is the thermalisation of an accelerated detector, put into the language of quantum information theory. What the authors pointed out from this alternative perspective was that if the atom had been entangled with another qubit, to create a resource for performing a task like the quantum teleportation protocol, (see section 3.2 for a description of teleportation) then the decoherence would reduce the protocol's performance. That is, the ability to transfer the quantum state of an inertial system to an accelerating system would be hampered by the thermal radiation bathing the accelerated observer.
The reduction of fidelity of teleportation due to the Unruh effect was simultaneously confirmed [24] without the use of atoms, but with the entanglement resource being between two modes of a scalar field. It should be noted that in this case the half of the entangled state as seen by the accelerating observer is being directly thermalised by the Unruh effect, in contrast to the atom which is interacting with the thermalised field. Having calculated the teleportation fidelity, they showed that, like the purity of the atom, the fidelity decreased with increasing acceleration and would asymptote to zero in the limit of infinite acceleration. From this it was inferred that the reduction of fidelity was indeed due to loss of the original pure state entanglement between the two field modes. This intuition was quickly confirmed by a direct calculation of the entanglement between two field modes when half of the original state is seen by a uniformly accelerating observer [25] . Like the calculation of the teleportation protocol, a maximally entangled pure state of a scalar field was investigated and once again the dependence was found that loss of entanglement increased with increasing acceleration, and the entanglement would asymptote to zero in the limit of infinite acceleration.
These initial findings regarding decoherence and entanglement loss from the Unruh effect have since been greatly expanded on. Further developing the case of entanglement between modes of a free field, investigators have studied the fermionic Dirac field and contrasted it to the original results of the bosonic scalar field [26] [27] [28] . The first outcome of this was the discovery that for fermionic fields in the limit of infinite acceleration a finite amount of entanglement always persisted. This generated the hope that entangled systems could be found which are protected from Unruh radiation. This possibility was further seen when the scalar field of the original works was replaced by the full electromagnetic field [29] . The result was that there exists degrees of freedom in the electromagnetic field , the photon helicity, where entanglement can exist which is completely robust against acceleration radiation. Indeed, even when considering the original scalar field, if cavities are used to store the quantum information, entanglement can be both created and stored despite the Unruh effect [30] .
We have now seen that any initial number state entanglement in bosonic and fermionic fields will be reduced if one of the observers is uniformly accelerating. We have also seen entanglement is somewhat protected in fermionic fields, and even more so in the helicity of photons and when using high quality cavities. These findings have all focused on gradual entanglement loss due to the Unruh effect, however it turns out that the Unruh effect not only degrades entanglement but can exhibit both sudden death of entanglement and creation of entanglement as well. This has been seen between two accelerating atoms interacting with the Unruh bath, demonstrating both entanglement creation [31] [32] [33] as well as entanglement sudden death (where entanglement completely disappears for finite accelerations) [34, 35] . It might have been thought that the Unruh effect would always destroy any entanglement between the two atoms, however their interaction through the field has been shown to generate entanglement in spite of the thermal radiation. The interaction of two atoms with the scalar field when one or both is accelerating has been developed in a rigorous mathematical framework demonstrating a rich collapse and revival structure of the entanglement dynamics [36, 37] .
So far we have only considered the case of acceleration which is uniform for all time. The more difficult case is non-uniform acceleration, for example, where an initially inertial observer begins to accelerate [38] . This particular case has been tackled including a way to track the quantum correlations in time [39] . One must also deal with the problem that for non-uniform acceleration the symmetries required to even talk about the creation and annihilation of particles do not exist globally. The solution is to consider the particle states and entanglement on space-like hypersurfaces where the required symmetries do exist. The result is that when acceleration is not uniform for all time, entanglement reduces to a finite amount even for free bosonic fields.
C. Entanglement in the vacuum
In Minkowski space-time entanglement exists between different, even space-like separated, regions of the quantum vacuum. This can be seen directly by expanding the Minkowski vacuum, |vac M , in terms of the Rindler modes -wave equation solutions in terms of the Rindler coordinates (Eq.3 and 4). One obtains:
where |n ωi R is the state of a Rindler mode restricted to the right wedge, containing n exitations of frequency ω i . Similarly |n ωi L is a Rindler mode restricted to the left wedge (see Fig.2 ). The c i 's are normalization constants. This state is entangled as it is non-separable between the left and right wedges. At the level of algebraic quantum field theory this effect arises as the mathematically rigorous result that all states of bounded energy exhibit entanglement between any two space-like separated regions [40] . This rather technical result was demonstrated in a more physically intuitive way when it was found that two stationary, causally disconnected probes could become entangled by interacting with the field even if their state was initially separable [41] . This result also demonstrated the distance dependence of this entanglement, as the probes were further separated their entanglement would eventually vanish. In particular, if the separation between the probes was L and the probes interacted with the field for a time T , it was found that the entanglement would disappear once L/T > 1.1. An analogous, discrete model that was studied is a chain of trapped ions [43] . Here, the "vacuum state" can be defined as the collective ground-state of the normal modes of the system -a product state of the different modes. However, if this "vacuum state" is expressed in terms of the local single oscillator states it takes the form of an entangled state. The purpose of this analogy is to illustrate the physics in a simpler, more experimentally accessible system.
The model of two atomic probes interacting with the vacuum field was used to demonstrate violation of the Bell inequality, showing that a local hidden variable model could not account for the correlations which exist in the vacuum state [43] . It has also been noted that the Feynman propagator can have non-zero values outside the forward light cone and, although this cannot lead to communication faster than the speed of light [44] , this has led to an alternative perspective involving the propagation of virtual photons, that has been compared to the standard extraction of vacuum entanglement [45] .
The use of detectors to probe the field for vacuum entanglement has been put in a rigorous relativistic framework [37] . This has demonstrated the existence of a rich dynamical structure for the entanglement between two stationary probes interacting with the field and separated by some finite distance. This entanglement dynamics is complementary to similar work on entanglement between accelerated detectors discussed in the previous subsection.
Another possibility is to probe for entanglement between timelike separated regions of space-time. Indeed, it has been found that for massless fields there exists entanglement between the past and the future in the quantum vacuum [46] . Surprisingly, a thermal response exactly analogous to that of an accelerated detector arises for a stationary detector with suitably time-varying energy levels. In fact a suitably scaled detector couples to precisely the same Rindler modes (see Eq.5) as those for an accelerated detector. Calculations suggest that the effect could be visible for energy gaps on the order of 100 GHz, scaled over a single order of magnitude in a pico-second. It has further been shown that two suitably scaled detectors, one interacting with the vacuum in the past, and the other only interacting with the future vacuum, will become entangled, thus extracting the timelike vacuum entanglement for potential applications [47] .
D. Black-holes
A black-hole is a region of space-time surrounded by an event horizon due to an extremely strong gravitational field, i.e. strong space-time curvature [5] . Space-time curvature in general relativity can be characterised by its metric. Flat, or Minkowski space has the metric:
where dt is an infinitesimal time interval and we have used spherical spatial coordinates and units in which c = 1. Here ds describes an infinitesimal proper distance in space-time as measured by a local observer. The proper distance between two space-time points is an invariant quantity, which all observers can agree on, regardless of the coordinate system they use. In general relativity a particle moving only under the influence of gravity will follow a geodesic of the space-time, which is the shortest path, as determined by the metric. The metric tensor can be determined for a particular matter distribution by solving the Einstein field equations. This requires knowledge of the stress-energy-momentum tensor T µν , which describes the distribution of energy and matter. It is in this way that matter affects the curvature of spacetime which in turn produces the gravitational force.
The simplest example of a black-hole is described by the Schwarzschild metric [20] :
. (7) where now dt is an infinitesimal time interval as measured by an observer far from the black-hole, r = circumf erence/2π is the reduced circumference and the other spherical coordinates remain as for flat space. We are using units now where G, the universal gravitational constant and c, the speed of light, are both set to unity. M is the mass of the black-hole expressed in geometric units (metres). Time-like proper intervals for stationary observers (dr = dθ = dφ = 0) close to the black-hole appear longer to far away observers, i.e. clocks run slower.
As we approach r = 2M clocks appear to stop. This is the event horizon. Traditionally anything which passes through the horizon, including light, can never escape the immense gravitational field. When one considers quantum fields propagating on a black-hole space-time however, it is found that a black-hole should emit a thermal distribution of particles at the Hawking temperature [48] :
This is in direct analogy to the Unruh effect, indeed the Unruh effect was discovered as part of a study of the Hawking effect. That is, the section of the quantum vacuum trapped behind the event horizon is entangled with that outside. Observers outside the black-hole have no access to the field inside and so see a mixed, thermal state.
The implication of this thermal radiation is that any information entering the black-hole will be irreversible lost. When the time comes that the black-hole evaporates entirely, all that will remain is thermal radiation. This was thought to have serious ramifications for the unitarity of quantum mechanics and so, much effort has been dedicated to resolving it. Quantum information theory has been used by authors to explore various mechanisms via which the information might be returned [49] [50] [51] . Others have alternatively argued that information can never be fully recovered when lost into black-holes [52] and that information loss may actually be an intrinsic phenomena [53] and not actually a problem for quantum mechanics after all [54] .
Just like for the Unruh effect, quantum entanglement has also been investigated between two relatively moving observers in a black-hole space time. It has been found that two initially entangled observers will lose their entanglement if one of them moves close to a black-hole [55, 56] . This loss of entanglement is due to the thermal radiation from the Hawking effect and is in direct analogy to entanglement loss due to the Unruh effect. However, just like in the Unruh effect, entanglement can also be created between an observer near a black-hole and one far away with the use of projective measurements [57, 58] . Entanglement between modes inside and outside a black-hole have been shown to emerge in the formation of black-holes [59] . This entanglement found in black-hole physics is believed by some to play a key role in recovering the unitary of Hawking radiation.
Within the semi-classical approximation of black-hole evaporation two main arguments exist for recovering the unitarity of quantum mechanics. The first is that the information is encoded in correlations. Here one may consider an analogy to classical information theory. An encrypted message gives no information without the key, and the key by itself does not contain the message. It is the correlations between the two which reveal the secret information. It is in this way that information lost in the form of Hawking radiation may be recovered in the entanglement which exists in the field [51, 60, 61] . However others argue that not all the information can be accounted for by the correlations [52] . The second major argument for unitarity involves the idea of black-hole remnants and final state projection models. The semiclassical approximation breaks down in the final moments of black-hole evaporation and so it is conjectured that instead of completely evaporating a remnant might remain which contains the missing information [62] . This is similar to the final state projection models where the solution is to place boundary conditions on the final state of the black-hole in order to recover unitarity [50, 63] .
The other side of the debate is that information is intrinsically lost in black-hole evaporation and that loss of information is actually a feature of quantum mechanics not a contradiction to it [53, 54] . Intrinsic information loss due to gravity has been proposed in more general situations than black-holes and may contribute to better understanding of the quantum measurement problem and the quantum to classical transition [64] .
Most likely the full story of black-holes and quantum information will not be fully understood until quantum gravity is fully incorporated into the picture [65] . Models of two dimensional quantum gravity have shown mixed results but none the less bring us closer to the complete picture [66, 67] . Hawking himself has even proposed his own solution using a form of quantum gravity [68] . It may also be possible that better understanding of information loss may be found by studying models of supposed nonunitarity not due to black-holes but closed timelike curves [69] -the subject of our next section.
III. TIME MACHINES A. Time Machines in General Relativity
General relativity has solutions that allow time travel. A famous example is the Gödel Universe [70] . Technically these are referred to as closed timelike curves (CTC). They allow an object to follow a trajectory into its own past and hence are effectively time machines. Standard relativistic quantum field theory is incompatible with such metrics [71] .
A controversial question is whether CTCs can be brought into existence within a space-time like our own universe. On the one hand schemes have been proposed whereby CTCs might be created [72, 73] . In turn such schemes have been criticised on various grounds [74, 75] . So far the argument appears undecided [76] [77] [78] [79] . Essentially all such discussions require assumptions to be made about the nature of the so far undiscovered complete theory of quantum gravity. The outcome -CTCs or no CTCs -seems to depend on these assumptions.
A specific example of a general relativistic time machine, potentially compatible with our own universe, is the traversable wormhole metric introduced by Morris and Thorne [80] . Whilst wormholes, bridges between different parts of our universe, have been known to be solutions to Einstein's field equations for many years [81, 82] , they were also known to be non-traversable for several reasons including: their extremely rapid time evolution; and the presence of a horizon within the wormhole throat. In contrast, Morris and Thorne's solutions are static and contain no horizons. Consider the metric:
Here t is the time coordinate of a static observer, r is the radial coordinate, and θ and φ are again polar coordinates. b(r) is the shape function of the wormhole and Φ(r) is the red-shift function. A particularly benign solution arises if we take Φ(r) = 0 and b(r) = b 0 (1 − (r − b 0 )/a 0 ) 2 for b 0 < r < b 0 + a 0 , and b(r) = 0 for r > b 0 + a 0 . An observer traveling radially toward the wormhole begins in flat space with a monotonically decreasing radial coordinate. The radial coordinate stops being monotonic when r = b 0 + a 0 ; it decreases to a minimum radius of b 0 , the wormhole throat, at which point it starts to increase again until we "emerge" again into a different region of flat space when r is again larger than b 0 + a 0 . It can be shown that such a radially launched observer would travel at a constant velocity, v, through the wormhole. Furthermore, if this velocity obeys (v/c) 2 < ∼ a 0 b 0 /(10 8 metres) 2 then the traveller will encounter negligible tidal forces. Assuming v c, both the traveller and static observers would agree that the journey would take of order
Einstein's equations can be solved for this metric to determine what matter energy distribution is required to produce the wormhole. One finds an extreme, negative matter-energy density is required within the throat of the wormhole. Whilst prohibited classically, quantum fields can exhibit negative energy densities, though it is unknown if they can do so on macroscopic scales. Potentially, the region of space in which our traveller's radial descent begins is spacelike separated from the region in which their radial ascent ends, enabling faster than light transit between the two regions. Equally well we could consider the situation in which the wormhole connects timelike separated regions, such that our traveller emerges a short distance from where they entered but at an earlier time, thus creating a CTC, i.e. a time machine. Morris, Thorne and Yurtsever [72] gave a recipe for converting a spacelike wormhole into a timelike wormhole. They suggest that an advanced technology could drag one mouth of the wormhole on a round-trip at relativistic velocities. Upon return, the accelerated mouth will have "aged" less than the mouth that stayed still, creating a connection between two different times.
As we have noted, there has been considerable discussion about the validity of the CTC solution presented in the preceding paragraphs, mainly focusing on the stability of the solutions, but not leading to a clear conclusion either way. However, an alternative approach to deciding if CTCs can exist or not is to assume that they do (i.e. assume, for example, that the Morris-Thorne metric is valid), and then examine the consequences. If the consequences are not self-consistent, one might then be justified in deciding against them. A long tradition of such arguments exist. The classic example is the grandfather paradox in which the hero uses a time machine to go to the past and kill his own grandfather, thus preventing his own existence. In classical mechanics there does not seem to be any general solution to such inconsistencies. However, surprisingly, quantum mechanics appears to offer a way to avoid these paradoxes, as we shall discuss in III C.
B. Time Machines in Quantum Mechanics
Certain interpretations of quantum mechanics invoke time travel in order to explain its counter intuitive results. For example Richard Feynman famously interpreted the electron anti-particle, the positron, as an electron travelling backwards in time [83] . Another example is the transactional interpretation of quantum mechanics in which particles receive information about their future trajectories from fields propagating into the past [84] . This enables one to explain delayed-choice experiments [85] (amongst other phenomena) in which particles seem to know the future arrangement of the experiment before it is chosen.
The key feature of quantum mechanics which suggests such interpretations is that of entanglement. Consider an entangled state of two spacelike separated qubits:
where the indicies 1 and 2 label the different spatial positions of the qubits. A measurement on the first qubit which gives the result zero will immediately "collapse" the state of the second qubit into the state one, i.e. 0| 1 |φ + = 1/ √ 2|1 2 . This instantaneous collapse between spacelike separated regions of spacetime would seem to require faster than light influences [102] . As we saw in the last section, when faster than light connections between spacelike separated points appear, time travel may not be too far away.
More explicitly, it has been suggested that quantum teleportation represents a kind of post selected time machine [86] [87] [88] . In the standard interpretation of teleportation [89] (see Fig.4 ), the sharing of entanglement between two parties, Alice and Bob, allows a quantum state held by Alice to be sent to Bob via only classical communication. In particular, Alice makes a Bell measurement on the state she wishes to send and one half of the entangled pair. The Bell measurement projects onto one of the four Bell states: + , created at time ts. The other arm he sends to Alice. Alice creates qubit state |α at time tp and then makes a two-mode Bell measurement between it and the arm of the entangled state received from Bob. Depending on the four possible outcomes of the Bell measurement, Bob's state collapses into a state related to Alice's state by simple bit-flip or phase-flip operations. When Bob receives a classical message from Alice telling him which result was received, he can make the neccessary correction and obtain Alice's state. A special case is when the Bell measurement projects onto the same entangled state that Bob produced as then no correction is required. In this case one can retrodict that Bob had (a time-retarded version of) Alice's state before she created it.
The interpretation of teleportation as a post-selected time machine relies on retrodictive quantum mechanics [90] . In particular, following Pegg [86] , we retrodict the state created at the entanglement source given that |φ + was measured and the state |α was prepared. In order to be able to track the time evolution of the system we consider qubits constructed from energy eigenstates, such that the initial qubit created,
evolves to |α = µ|0 + e −iωτ ν|1 after a time interval τ . Suppose the qubit state is prepared at time t p , whilst the Bell pair is created at an earlier time t s and the Bell state measurement is at a later time t m (i.e. t s < t p < t m , see Fig.4 ). We start from the Bell measurement and evolve the projected state, |φ + , back to the preparation at t p (note that |φ + is an energy eigenstate and so acquires only a global phase from evolution). Preparation of the qubit state is modelled as a projection onto the retrodicted entangled state [86] :
This state is evolved back in time to the source to give us µ * e −iω(ts−tp) |1 + ν * |0 . Finally we project this state onto the state prepared at the Bell source to give:
This state is the time retarded version of Alice's qubit (Eq.12) but appearing in Bob's mode before it was created by Alice. This is the sense in which teleportation is a time machine. If we propagate Bob's state forward in time to t p we obtain (up to a global phase) the state that Alice prepares [104] . If we propagate to the time of the Bell measurement, t s , then Bob's state is:
which is the same as the state Alice teleports in the standard approach -showing the two pictures coincide after time t m . Of course all of this only works when the state |φ + ends up being the one measured, and that only happens one quarter of the time. Overall, in the absence of knowledge about the eventual result of the Bell measurement, Bob holds a thermal state at time t m .
If we take the time machine interpretation of teleportation seriously we might ask what happens if we try to cause a paradox by giving Alice an inconsistent qubit to teleport [86] . For example, Bob might take the qubit he receives at time t p and bit flip it, before giving it to Alice and telling her to teleport it to him in the past. The bit flipped qubit is orthogonal to the one he actually received and so creates an inconsistent history. The resolution of the paradox is straightforward -the probability of obtaining the measurement result corresponding to |φ + is zero, i.e. the time machine never works. Some authors have suggested that this can form the basis for avoiding paradoxes in CTC's by renormalizing to only the self consistent solutions of the circuit, as we will discuss in the next section.
C. Quantum Mechanics on Closed Timelike Curves
In this section we will examine what happens if we assume wormhole/time-machine metrics, such as Eq.9, are valid descriptions of possible structures in our own universe and place simple quantum systems through them, allowing them to interact with their own past incarnations. The model usually considered can be portrayed as in Fig.5 . A two-level quantum system, qubit 1, suffers an elastic collision, i.e. unitary interaction, with qubit 2, and then enters a wormhole-time-machine which brings it out in the past, where it finds that in fact it is qubit 2. The qubit then propagates away from the worm-hole where it can be measured. For simplicity it is assumed that the time taken to traverse the wormhole is negligible (e.g. a 0 << b 0 in Eq.10) The question is whether we can create a consistent history for all input states and all unitaries, even those that at first sight appear paradoxical.
Two main approaches have been discussed in the literature. The first we will consider was suggested by Politzer [91] (see also [92] ). The standard Feynman path-integral approach of quantum mechanics is applied to the circuit to work out the probabilities of all particular outcomes given the boundary condition that the field at (z 1 , t 2 ) matches that at (z 2 , t 1 ) where t 1 < t 2 (see Fig.5 ) for each possible history. In general, unlike the case for standard quantum mechanics, the sum of all these probabilities will not add up to one. Thus to preserve the probabilistic interpretation of quantum mechanics, the final state must be renormalised. For example, suppose that the initial state is α|0 + β|1 and the unitary is a controlled-NOT (CNOT) with the upper rail as the control and the lower as the target. In a CNOT gate the logical state of the target qubit is flipped if and only if the control qubit is in the logical one state. For simplicity here we consider stationary qubits whose free evolution is the identity. We first calculate the trajectory of the zero component of the state. A logical state traversing a control is unchanged, so we can immediately say that the only trajectory consistent with the boundary conditions is
where we are moving progressively through time intervals t < t 1 to t 1 < t < t u to t u < t < t 2 to t > t 2 . Following the same procedure for the one component of the state we find
The output state is formed from the coherent superposition of the two paths: 1/ √ 2(α + β)|0 . Renormalizing we find that the output is always the ground state, |0 , regardless of the input state. All paradoxical or inconsistent histories are suppressed. However, the renormalization procedure is state dependent, which means the linearity of quantum mechanics is lost. More worryingly, state dependent renormalization means that events in the far future can effect experiments performed now, as we will discuss in the next section. Interestingly, as noted at the end of the last section, this procedure turns out to be equivalent to renormalising the outcome of an equivalent teleportation time machine circuit to the |φ + outcome [93] .
The second approach we consider is due to Deutsch [94] . Instead of requiring individual components of the state vector to satisfy the boundary conditions (and suppressing them if they do not) as in the the path integral approach, Deutsch instead required that the entire state at (z 1 , t 2 ), as defined by its reduced density operator ρ, Model of a qubit interacting with a closed timelike curve formed by a wormhole, as seen by an observer far away from the wormhole. The qubit suffers an elastic collision with a second qubit described by the unitary U . The qubit can be scattered into the future mouth of the wormhole (F). It emerges from the past mouth of the wormhole (P), in the past, and becomes the second qubit in the elastic collision, thus forming a closed timelike curve. It can then be scattered into an output mode that is subsequently detected.
matches that at (z 2 , t 1 ). Surprisingly, this requirement can always be satisfied regardless of the initial state or unitary. The Deutsch solution is to firstly determine the state of qubit 2, given by the density operator ρ, via the consistency equation
where the trace is over the Hilbert space of qubit 2. Given a solution for ρ, the output state of qubit 2, ρ out , is given by
where the trace is now over the Hilbert space of qubit 1. In general the solution for ρ out will be a non-unitary and a nonlinear function of the input state. However, the character of the transformation produced is quite different from the path integral approach. Consider again the example of a pure input state and a CNOT gate. To apply the Deutsch method we must first identify the density operator, ρ, which satisfies the consistency requirement Eq. 18. It is straightforward to confirm that
satisfies Eq. 18. Substituting ρ into Eq.19 results in the output state
The solution is clearly non-unitary as ρ out is diagonal and hence all coherences have been lost. The output is also a non-linear function of the input state, however, because there is no renormalization of the input state, the future cannot affect the past outside the region of the CTC, as can happen in the path integral approach (see next section). Various authors have investigated the increased information processing power implied by CTC's of this kind. For example, using the state evolution of Eq.21, a quantum computer could use a CTC in a subroutine to solve NP-complete problems [95] . Put simply, NP is a complexity class corresponding to problems that cannot be solved quickly on a classical computer, but whose solutions can be quickly checked. Some problems believed to be in NP (such as finding the prime factors of an integer) can be solved quickly on a quantum computer. A sub-class of NP, NP-complete, is comprised of NP problems that it is believed cannot be solved quickly with a quantum computer. The non-linearity introduced by the Deutsch solution of the CTC interaction changes this and allows them to be solved quickly on a quantum computer. The increased power comes from the ability of the CTC interaction to increase the distinguishability of non-orthogonal states. Indeed it has also been shown that a more sophisticated CTC circuit could be used to perfectly distinguish any finite set of non-orthogonal quantum states, in clear contravention of the uncertainty principle [96] .
The two approaches we have discussed both take a "bird's-eye view" of the CTC interaction, i.e. they describe the interaction in the coordinates of an external observer who is watching from a distance. Recently Ralph and Myers [97] have analysed the problem in the coordinates of the qubit. Such coordinates will inevitably appear multi-valued to the far away observer due to the cycling through the CTC. In Fig.6 the CTC interaction is expanded into an equivalent circuit. This equivalent circuit can be obtained heuristically by considering what the qubit "sees" when propagating forward through the wormhole or alternatively, by tracing its trajectory back through the wormhole into the past. In both cases the qubit experiences multiple interactions via the unitary U with copies (i.e. perfect clones) of itself. The effective circuit stretches indefinitely into the future and into the past, representing the time lines experienced by the qubit, even though, to the far away observer all these paths overlap in the same time interval. The interpretation of the equivalent circuit is clarified by considering the limit in which there is no interaction with the wormhole. This occurs when U = SW AP , i.e. when the action of the unitary is simply to exchange qubits 1 and 2. In order to recover standard quantum mechanics in this limit we must assume that all the effective modes except the one indicated to be striking the detector, are lost (i.e. not measured). The other modes might be interpreted as additional degrees of freedom that are not normally observed but can be indirectly probed via the interaction U in the presence of the CTC created by the wormhole.
So, what does the equivalent circuit predict? We can solve the equivalent circuit by starting far in the "past" with the initial state for the upper arm ρ in , and that of the lower arm the maximally mixed state I [105] . After one iteration we obtain ρ = T r L [U (ρ in ⊗ I)U † ] where the lost (lower) arm has been traced out. After two it-
. If this map converges to a fixed point then it will be true, after many
Model of a qubit interacting with a closed timelike curve formed by a wormhole, as "seen" by the qubit. Either propagating forward along the path of the qubit from the initial state or back along the path of the qubit from the detector leads to infinite strings of identical interactions with copies of the qubit. Multiple interactions with the unitary represent cases where the qubit is repeatedly scattered through the wormhole. This equivalent circuit can be solved in the limit of many interactions to give a unique solution to the CTC interaction.
. This expression coincides with that given by Deutsch for calculating the corresponding ρ (Eq.18). Deutsch showed that such a fixed point always exists [94] , so the assumed convergence is guaranteed. Further, given that the part of the effective circuit that propagates into the "future" is also lost, then the output state is given by ρ out = T r 1 [U (ρ in ⊗ ρ)U † ] where now the trace is over the upper qubit. Again this corresponds to the expression given by Deutsch for calculating the output state (Eq.19). Thus the circuit of Fig.6 is mathematically equivalent to the Deutsch solution of Fig.5 .
In addition to reproducing the Deutsch result, the equivalent circuit solution, resolves two of its ambiguities: (i) The equivalent circuit always produces a unique solution, unlike Deutsch's consistency requirement that is sometimes unconstrained. The unique solution of the equivalent circuit corresponds to Deutsch's maximum entropy conjecture [94] ; and (ii) the ambiguity over how to treat classically mixed input states [98] is resolved by the equivalent circuit treatment [97] .
D. Entanglement and Time Machines
The fact that the equivalent circuit's simple geometric picture immediately reproduces Deutsch's boundary conditions suggests that the Deutsch approach may be more self-consistent than the path integral approach. Further evidence for this conclusion follows from considering the behaviour of entangled states for which one arm of the entanglement is passed through the time-machine wormhole. In particular let us suppose that the entangled state |φ + is created by Alice at some time t A . She keeps one arm and sends the other to Bob. At some later time t B Bob encounters (or creates) a compact wormhole time-machine that enables him to send his entangled particle a short time into the past. He sends his particle through the wormhole in the manner of Fig.5 with a CNOT gate as the unitary interaction. It is straight forward to calculate the state of Alice and Bob. For the case of the path integral approach one finds the renormalized state:
In spite of the fact that Alice shared an entangled state, she always finds her state to be diagonal whilst Bob's qubit is always in the zero state. In the absence of the CTC, standard quantum mechanics says that if Alice is unaware of Bob's actions then she always holds a maximally mixed state, regardless of what Bob does. Even stranger, because the renormalization acts on the initial state, this implies that Alice can tell by making measurements soon after t A , but long before t B , whether Bob will interact with a CTC or not. In other words she can predict the future actions of Bob -or alternatively, Bob can affect Alice's past [99] . It seems that the attempt to resolve acausal interactions with the near past by the CTC, leads to acausal effects arbitrarily far in the past through the entanglement. The outcome is quite different when the calculation is performed using Deutsch's boundary condition. The density operator shared by Alice and Bob after the CTC is:
Now the initial entangled state has become completely decohered, which is also outside the normal purview of quantum mechanics given that the interactions involved are all unitary. This occurs due to the traces performed in obtaining the reduced density operators in the Deutsch approach, or alternatively through the leaking of information into unobserved modes in the equivalent circuit model. However, notice that in the absence of any knowledge of Bob's actions, Alice holds a maximally mixed state as predicted by standard quantum mechanics, and in particular the actions of Bob in no way affect Alice's past. Thus, the acausal effects of the CTC do not spread outside the CTC epoch when using the Deutsch/equivalent circuit approach.
IV. CONCLUSION
In this review we have have looked at some of the key results in the new field of relativistic quantum information. We have seen how observers in different Lorenz frames can observe entanglement redistributed between the spin and momentum degrees of freedom. For non-inertial observers, entanglement can actually be destroyed by the influence of Unruh radiation. We discussed the presence of entanglement in the vacuum field, between both spacelike and timelike separated regions of space-time. Turning to curved space-time, we examined the destruction of entanglement due to Hawking radiation around a black-hole and attempts to understand the black-hole information paradox from a quantum informational perspective.
Although much has been learned there is far more left to understand. For example, most of the investigations of entanglement have been carried out using global modes that cannot strictly be understood as objects that can be locally manipulated or measured. Only in the most recent work have techniques for modelling localized quantum systems in relativistic scenarios been developed [100] . These techniques need to be extended more generally. It can also be noted that discussions of Unruh and Hawking radiation generally consider free fields extending to infinity. What occurs when absorbing or reflecting boundaries exist at finite distances from the detectors? Similarly, only a few authors have considered time dependent effects. In general, more sophisticated techniques for dealing with more realistic situations are required. Ultimately we wish to find experimental quantum information systems that will exhibit relativistic effects.
In the third section we considered time-travel, firstly as it arises in the context of exotic general relativistic metrics and secondly as it arises in interpretations of quantum mechanics. We then examined two separate approaches to allowing quantum systems to interact on closed timelike curves and asked if the paradoxes of timetravel were resolved or not. Both the path integral approach and the density operator approach to matching boundary conditions on the CTC seem reasonable and appear at first to resolve paradoxical evolution, albeit in quite different ways. However, a quite distinct difference arose when entangled states were considered, whereby the path integral approach allowed a CTC created in the present to affect events in the far past, whilst the density operator approach did not. We also discussed the "qubit-eye-view" analysis of the equivalent circuit approach, and how it agrees with Deutsch's density operator boundary condition. We might conclude that the Deutsch approach, at least for the toy models so far considered, has a good self-consistency, both internally and with the expected causal structure of the universe, and so the existence of CTCs at the quantum level cannot be ruled out on these grounds.
It is interesting to note that the path integral approach is basically standard quantum field theory with the unusual feature of initial state dependent renormalization. As we have seen this approach ultimately seems to lead to more problems than it cures -a situation which is probably linked to various CTC no-go theorems based on standard field theory. This leads one to speculate on how a field theory compatible with the Deutsch boundary condition would differ from standard theory. An initial investigation has suggested that the commutativity of space-time fields needs to be altered in order to accommodate the density operator boundary condition, and that such an alteration might have ramifications outside the
